TUM-HEP 877/13 
UCI-TR-2013-03 
FLAVOUR(267104)-ERC-36 
CETUP*-12/018 



Predictivity of models with 
spontaneously broken non— Abelian 
discrete flavor symmetries 



^ Mu-Chun CherJU 

Department of Physics and Astronomy, University of California, 
fin Irvine, California 92697-4575, USA 

(N 

^ Maximilian FallbacherQ Yuji OmuraQ Michael RatzQ Christian StaudlQ 

Physik Department T30, Technische Universitdt Miinchen, 
James-FranckStrafie, 8574-8 Carching, Cermany 

Oh 

^ Abstract 

\o 

In a class of supersymmetric flavor models predictions are based on residual 
symmetries of some subsectors of the theory such as those of the charged leptons 
and neutrinos. However, the vacuum expectation values of the so-called flavon 
fields generally modify the Kahler potential of the setting, thus changing the pre- 
ff^ dictions. We derive simple analytic formulae that allow us to understand the 

impact of these corrections on the predictions for the masses and mixing parame- 
^ ters. Furthermore, we discuss the effects on the vacuum alignment and on flavor 

^ changing neutral currents. Our results can also be applied to non-supersymmetric 

^ flavor models. 



^Email: muchunc@uci.edu 

^Email: maximilian . f allbacherOpli . turn . de 

■^Email: yuji.omura@tum.de 

^Email: michael.ratz@tum.de 

^Email: christiciii.staudt@ph.tum.de 



1 Introduction 



Explanations of the observed pattern of fermion masses and mixing are often based on 
spontaneously broken flavor symmetries. In this paper, we concentrate on supersymmet- 
ric models attempting to explain the observed flavor structure by discrete symmetries. 
At some (high) energy scale, the flavor symmetry, denoted by Gp in what follows, is spon- 
taneously broken by some appropriate 'flavon' fields, which acquire vacuum expectation 
values (VEVs). Although our analysis also applies to non-supersymmetric settings, we 
base our discussion on the lepton sector of supersymmetric extensions of the standard 
model (SM). In order to be specific, consider a prototype superpotential of the form 

^leading = ^ ($e W + ^ ($ . W ^« , (l-l) 

where and R-^ (with the flavor indices 1 </,(?< 3) denote the lepton doublets and 
singlets, respectively, whereas Hu and Ha are the usual Higgs doublets of the supersym- 
metric standard model. The two scales involved are the cut-off scale A of the theory 
and the see-saw scale A^y. For the sake of definiteness, we shall take A to be around the 
unification scale, although our results will not depend on this choice. $e and denote 
the flavons, which acquire VEVs that are assumed to be somewhat below A such that 
the expansion parameters of our theory are ($e)/A and ($,y)/A. Inserting the flavon 
VEVs leads to an effective superpotential 

= {Y,)^fURf Ha+\tigfUH^L^ H^. (1.2) 

One is often left with a situation in which neither $e nor breaks Gp completely, but 
respect the residual symmetries and G^^ respectively (cf. figure [T|, while the inter- 
section of the residual symmetries is smaller or empty. Given that higher-order terms 
are either subleading or may be completely forbidden by some appropriate symmetries 
such as R symmetries, these residual symmetries allow us to make predictions. 




Figure 1: The flavor symmetry Gp gets broken to different subgroups in different sectors 
of the theory. 

Models that make predictions based on such residual symmetries have become rather 
popular in the past (see e.g. [l|[2]). One can, for example, successfully obtain the bi- 
maximal mixing pattern j3}|4] as well as the tri-bi-maximal (TBM) mixing pattern [5||6]. 
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The potential problem with such predictions is that they are based on the holo- 
morphic superpotential only. However, there are modifications coming from the Kahler 
potential (^-[9] . Given the fact that for most of the proposed patterns the mixing param- 
eters, i.e. mixing angles and phases, run under the renormalization group (RG), and that 
in supersymmetric theories RG corrections affect the Kahler potential only, it is clear 
that it will be nearly impossible to avoid such corrections. One may, therefore, question 
how solid the predictions based only on the holomorphic sector really are. Clearly, the 
canonical Kahler potential does not include all terms allowed by the flavor symmetry. 
Rather, if one is to derive predictions from higher-order terms in the expansion param- 
eters ($e/i,)/A, one should take into account both the superpotential and the Kahler 
potential. The full Kahler potential is 

K = ircanonical + AfT , (1.3) 

where the canonical part is given by (only considering the leptons) 

i^canonical D [L^^ + (i?^)^ 5fg . (1.4) 

AK includes contractions of L-^ and R-^ with the flavons, such as {L^e/uViL^e/u), which 
may not be forbidden by any (conventional) symmetry, and it has the general form 

AK = [L^y {A.J^L)fgL3+{R^)^ i^^R)f9R' ■ (1-5) 

Here AJ^l and AJ^f> are Hermitean matrices which describe the modification of the 
Kahler metric after the fiavons acquire their VEVs. The structure of these Hermitean 
matrices, therefore, depends on the fiavor group and the flavon VEVs. 

After the breaking of the flavor symmetry, one needs to redeflne the flelds in order 



to return to a canonical Kahler potential 10, 11 . As we shall discuss in more detail 



below, in this new basis generically none of the subsectors exhibits a residual symmetry. 
Among other things, this explains why the parameters run even though their values 
appear to be determined by Ge and Gi,, respectively. The crucial property of AK is 
that its size will, in general, be controlled by the above expansion parameters ($e)/A 
and ($;y)/A, i.e. the very same quantities that set the scale of the entries of the mass 
and coupling matrices in the effective superpotential Wes- In addition, AK will depend 
on Kahler coefficients which multiply the above contractions and are hard to determine 
in an effective field theory approach. 

Using methods previously used for the renormalization group equations (RGEs) 



in [12, 13 , one can obtain an analytic understanding of the Kahler corrections |14[]16| . 
As we pointed out in (l6], the corresponding corrections are sizable and will in general 
lead to a strong modification of the predictions. In particular, they may render patterns 
that appeared to be ruled out, such as the TBM one, consistent with observation — and 
vice versa. 

The purpose of this paper is to extend our discussion of these changes by presenting 
a full derivation of the analytic formulae. We start out in section |2] by reviewing the 
predictions from the superpotential of two well-known models, one of which is based 
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Table 2.1: Tri-bi-maximal prediction for the neutrino mixing angles and best fit values 
from the global fit by il9i. 



on A4 17 and the other on T' 18 , and also compare the results to the current best 
fit values. In section [3] we provide an analytic discussion of the Kahler corrections. We 
then apply our analytic understanding to the two sample models in section |4| in which 
we also comment on the implications of Kahler corrections for the VEV alignment and 
for flavor changing neutral currents (FCNCs). Finally, section Is] summarizes our results. 



2 Mixing parameters from the superpotential 

In this section we review by means of two simple examples how predictions based on 
residual symmetries of the mass terms in the superpotential are derived. 



2.1 TBM from A4 



One of the simplest and most popular choices of a flavor symmetry group is A4 [6] . The 
resulting mixing is characterized by the TBM mixing matrix 



TBM 
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(2.1: 



which leads to the mixing angles in standard parametrization (cf. appendix A.l) shown 



in table 2.1 The measurement of ^13 20 22 revealed a considerable deviation from the 



tri-bi-maximal prediction and also the recent best fit values from global analyses for 623 
are in tension with maximal mixing. Yet, the TBM pattern may still serve as a good 
first order approximation of the observed mixing angles. 

As common to many flavor models, the three generations of left-handed lepton dou- 
blets are assumed to transform as a triplet under A4, L ~ 3. The three singlet repre- 
sentations of A4, 1, 1" and 1', are assigned to the right-handed charged leptons cr, /xr 
and tr, respectively, and the Higgs fields and Hd are not charged under the flavor 
symmetry. The mass matrices are generated by VEVs of three flavon fields: the two A4 
triplets and $e; and the pure singlet ^ ~ 1. At leading order in the ratio flavon VEV 
over the cut-off scale, the terms leading to the Yukawa couplings and to the Weinberg 
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neutrino operator (cf. equation (1.1)) read 



A A, {liLHu)®{LH^)]^^®<!>,}^ + ^J{LH^)(^{LH^)l^, (2.2) 
K = ^ ($e®i^)i i/deR + ^ ($e®L),, ifrf/iR+^ (<l>e®L),„ /7,rR,(2.3) 

where again A and A^, denote the cut-off and the see-saw scale, respectively. 

In order to distinguish the ffavon field which couples to the neutrinos, from the 
flavon field $e, which couples to the charged leptons, one introduces an additional 
symmetry. Under this symmetry, changes sign whereas $e stays invariant. Further- 
more, under the symmetry, C, —C,, L ^ iL and R — )■ —iR. 

The desired tri-bi-maximal lepton mixing is achieved when the fiavons acquire VEVs 
in the directions 

= {v,v,v) , (2.4a) 
= (t;',0,0) , (2.4b) 
{i) = w. (2.4c) 

This choice breaks the flavor symmetry Gp = A4 x to Gc = ^3 x ^4 and Gy = ^2^ ^2 
in the charged lepton and neutrino sector, respectively. These residual symmetries lead 
to TBM. This can be seen explicitly by computing the mass matrices after electroweak 
symmetry breaking. The charged lepton mass matrix reads 



Vd diag {ye, y^, yr) , (2.5) 



where Vd is the VEV of the down-type Higgs and ye,^,T = ^e,At,T Here and in the 
following we work in a basis in which the charged lepton Yukawa matrix is diagonal. 

On the other hand, in this basis the neutrino mass matrix is non-diagonal. Using 
the abbreviations a = 2A2 ^ and d = \/2\i ^ where Vu is the VEV of the up-type 
Higgs, it can be written as 




= I —d 2d a — d \ . (2.6) 
y —d a — d 2d J 

The lepton mixing matrix f/pMNS is then the unitary transformation that diagonalizes 



the neutrino mass matrix and is indeed given by the tri-bi-maximal matrix (2.1). 

Even though this simple model seems to be excluded by the recent measurements, 
there are still many loopholes which can make it viable. For example, there are attempts 



to explain the deviations by higher-order terms in the superpotential, cf. 23 and ref- 



erences therein. However, as we have shown in 16 , there are also corrections due to 



higher-order Kahler potential terms, which can either reconcile the model predictions 
with data or drive them even further away. 
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2.2 T' 



Another interesting example model is based on the double covering group of A4, which is 
called T'. Like A4, this group contains three irreducible singlet representations and one 
triplet. Additionally, the group contains three doublet representations 2, 2' and 2". The 



specific model 18 we discuss comes with several fiavon fields, which are summarized in 



table 2.2, and also two additional Abelian TL\2 symmetries. The fiavons acquire VEVs 
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Table 2.2: Fiavon content of the T' model. 



along the directions 

(0) = 00 1 I , (0') = 0'j 1 I , (0 = eo 






(^) = ^0 n h (^') = ^0 1 h (2-7) 



and the fields transforming as one-dimensional representations, (, N and 77, assume non- 
trivial values. With this choice of VEVs, the model |18] gives rise to near tri-bi-maximal 
lepton mixing, 

9i2 ^ 33° , 023 = 45° and ^13 ^ 3° . (2.8) 

The deviations from the exact TBM mixing pattern are due to the corrections from 
the charged lepton sector, and they are related to the Cabibbo angle through the SU(5) 
GUT relations. Furthermore, the model also predicts a leptonic Dirac CP violating phase 
from the superpotential and an absolute neutrino mass scale, e.g. rrii = 0.0156 eV for 
mass-squared differences given by Amgi = 8.0-10"^ (eV)^ and Amgg = 2.4-10"^ (eV)^. 



3 Corrections due to Kahler potential terms 

Let us now look at the Kahler potential of the theory. As already mentioned, higher- 
order terms will, after the flavons acquire their VEVs, lead to a non-canonical Kahler 
metric. Let us spell this out in more detail, using the A4 and the T' examples from 
section |2] Here, the left-handed lepton doublets transform as a triplet of either A4 or 
T', respectively. Contractions of these triplets with the flavons will then lead to a Kahler 
metric with off-diagonal terms after the flavons acquire a VEV. 
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3.1 Linear flavon corrections from left-handed leptons 



We start with terms which are hnear in the flavons. Focussing on the A4 symmetry only, 
these hnear contributions are given by 



linear 



= E 

i e{a,s} 



A 



Lt (L ® $,)3, + ^ Lt (L $e)3, I + ^ e L^L + h.c. , (3.1) 



A 



A 



and are suppressed by only one power of the expansion parameter {^f.jJ)/A. The last 
term does not lead to a change of the mixing parameters because it just changes the 
overall normalization of the kinetic term of the lepton doublets. On the other hand, the 
terms containing and $e do modify the model predictions. The contractions with a 
generic triplet flavon $ are 



^/2 



(l1)(2 Li*i - L2*3 - ^3*2) + (4) (2 ^3*3 - ^1*2 - ^2*1) 



(3.2a) 



Lt (L (g) $)3. = i y - [(4)(L2$3 - i^3^2) + (4)(i^l$2 - L2^l) 

+ (4)(L3$i-Li$3)] . (3.2b) 
Plugging in the flavon VEVs leads to departures from the canonical Kahler metric. 



fa 



d{LfydL9^ 

In what follows, we will find it convenient to decompose AJ^ according to 
= aPfg + h.c., 



(3.3) 



(3.4) 



where P encodes the matrix structure and a is a continuous parameter reflecting the 
size of the Kahler correction. For the flavon VEV ($) = ($e) = {v', 0, 0) one obtains 
the Kahler corrections 



(A^) 



a/2 ' 



(Ajr)f^ 



with the P matrices 



V \l - Pt'^ + h.c. 



,(a) 



diag(2,-l,-l) , 



P^l' - diag(0,-l,l) , 



(3.5a) 
(3.5b) 



(3.6a) 
(3.6b) 
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whereas for ($) = {^^) = {v,v,v) one gets 



(Ajr)g 



As) 



K^f,' V — Pi'^ +h.c. 



inh.' V \l - P^*"^ + h.c. 



with 



P 



(s) 



(3.7a) 
(3.7b) 

(3.8a) 
(3.8b) 

However, in the specific A4 model from section 2.1, the terms comprising are 
forbidden by the additional symmetry. Therefore, we only get corrections in this 
case from the matrices in equation (3.6a) and equation ( 3.6bp . One may introduce 
additional symmetries in such a way that all flavons are charged (like in the T' example 




in section 2.2), and hence forbid linear flavon contributions in the Kahler potential all 



together. Therefore, these linear corrections will not necessarily spoil the predictivity of 
a given model. This is different in the case of quadratic corrections, which we discuss 
next. 



3.2 Second order corrections from left— handed leptons 

Unlike the linear terms, some of the quadratic corrections to the Kahler potential, which 
are of the form (L (g) $j)^(-^v ® $j), cannot be forbidden by any (conventional) symmetry. 
Obviously, terms with i ^ j can again be forbidden by a symmetry, however, terms like 
(L® $)^(L(8> $) with $ = or $e cannot. We will comment later in section [s] how one 
may control or avoid such corrections in more complete settings. In the A4 model we get 
six different possible terms for each flavon, (L®$,^)^(L®$j,)_r' and (L(8)<l>e)^(L®$e)H' 
e.g. (L ® $,y)3^(L ® ^u)3a- Using the A4 multiplication rules from appendix 
latter term can be recast as 



A.2 



the 



(L O <l>^)^3 (L (g) $ 



.V3 



+ 1 2L^$4 - 4$,! - 4$ 

and leads to the Kahler correction 
x/3 

AJT = iK — P + h.c. 
2 



t 

■ 1^2 



u3) 



(3.9) 



(3.10) 
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with the P matrix 



-2$4$„3 - $„1$,2 -$.S$.3 + 2$4$„i + $„J$„2 I . (3.11) 



We then get for ($,^) = (v, v, v) 



AJ^^i^Kv^l -3 3 +h.c. = 3^«;'f;^Pv + h.c. . (3.12) 
^ \ 3 -3 / ^ 

If we treat all of the possible twelve terms (six for each flavon) in such a way, we get 
several corrections which lead to identical P matrices. In total, we can summarize them 
by five different matrices Pi-V) where the derivation of the fifth matrix Py has just been 
shown above. The first three matrices 

Pi = diag(l,0,0), Pn = diag(0, 1,0) and Pm = diag(0,0,l) (3.13a) 

come from contractions of L with $e- Since ($e) = (^',0,0), their contribution in the 
Kahler potential is proportional to {v'y. The other two matrices. 



Piv = 1 1 1 and Pv = -i i , (3.13b) 





are contributions due to therefore, their contribution is proportional to since 
($,^) = {v, V, v). An important property of all these corrections is that they are controlled 
by the square of our expansion parameters VEV over the fundamental scale as well as 
some unknown coefficient in the Kahler potential. 



3.3 Corrections from the right— handed leptons 

As was already stated in the introduction one can also have corrections for the right- 
handed lepton fields, depending on their representation under the flavor group. In the A4 
example, the right-handed leptons are A4 singlets, 1, 1' and 1"; therefore, corrections 
with the flavon triplets are going to be diagonal, e.g. 

K D ^(eK$.)UeR<f.) = ele^^^ , (3.14) 

which, after VEV insertion, gives 3 ji'p ej^ br/A^. We get similar terms for //r, tr and 
also for contractions of the right-handed leptons with the flavon field $e- The only 
other flavon in the model is the A4 singlet ^; hence, we also have diagonal corrections 
proportional to HOl"^- 

The model could also contain flavons which are in the singlet representation 1' or 
1", in this case, non-diagonal corrections are possible due to terms with two different 
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flavons. However, these corrections, just like the hnear ones, can easily be forbidden 
by an additional symmetry. Therefore, we focus on corrections for the right-handed 
lepton fields which are diagonal, i.e. Pr = diag(Q;i, 0:2, as) where the are not related 
and depend on the VEVs and arbitrary Kahler coefficients. Since we are working in 
a basis with diagonal charged lepton Yukawa matrices, a diagonal redefinition of the 
right-handed fields can only affect the mass eigenvalues but not the mixing angles. This 
is also refiected by our analytical formulae. 



3.4 Second order corrections for a model based on T' 



We now extend our previous analysis to a model which is based on T' \i8j, the double 
covering group of A4. As stated in section 2.2, T', like A4, contains three irreducible 



one-dimensional representations and one triplet. Beyond this, the multiplication law for 
the contraction of two triplets is the same. For doublets and triplets, it is given by 



2, 2', 2' 



2' ©2' 



(3.15) 



A complete list of tensor products can be found, for instance, in 24 . A closer look at 



table 2. 2| shows that in this model there are no linear corrections in the Kahler potential, 
since all fiavons are charged under one of the Z12 symmetries. Nonetheless, there are 
several second order corrections: looking at the VEV structure of the fiavon fields in 



equation (2.7), it is obvious that we have the same Kahler corrections as in the A4 
example due to the fiavons 0, 0' and ^. However, there are additional terms due to 
the doublet fields %jj and ip' through higher-order terms of the form (L ® V^)^ (L ® 
and (L ® '0')k (-^ ® '^')r- The contributions of these terms can be determined with the 
multiplication law in equation (3.15), which shows that R can only be one of the three 



doublets. Using this multiplication rule, we get, e.g., the contribution 



+ (y2^;Li-^^L2)^(v^^;Li-V2^2 



(3.16) 



which results in the Kahler correction 



2(^;)2 -V2wy^', 

Ajr = /€2'2' I -v^^'i(^^)t m^ + iij'^y v^m^f, i+h.c. . (3.17) 

After inserting the VEV = {^p'o, ijj'^^f , we get AJT = K2'2' (^o/A)^ P + h.c. with 



2 -V2 
-V2 2 V2 
72 2 



(3.18) 



Summarizing, the T' model admits the same corrections as in the A4 case, described 



in equation (3.13a) and equation (3.13b), and in addition corrections proportional to 
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the P matrices 

Pi = diag(0,2,l), Pii = diag(l,0,2) and Pin = diag(2,l,0) (3.19a) 
coming from contractions of L with ip. Since (tp) = {tpQ,0), their contribution in the 



Kahler potential is proportional to {ipo)"^- Furthermore, Kahler corrections proportional 



to the three matrices 



P. 
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V2 - 


-V2 


V2 
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-V2 
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-V2 





-V2 


2 







V2 





Pv 



V2 \ 
2 -V2\ 
V2 2 / 



and 



(3.19b) 



are all due to contractions with ip'. Since {ip') = {ip'oyi^o): their contribution is propor- 
tional to {ip'oY- 



3.5 General P matrices 

In the general case of different flavon VEVs, or possibly a different symmetry group, 
one can imagine that not all Kahler correction matrices P can be expressed as linear 



combinations of the Pj in equations (3.13) and (3.19). Therefore, there are in general 
more possible P matrices. However, since the Kahler corrections are Hermitean, one can 
express a general P matrix in terms of nine Hermitean basis matrices. 



Pi 



Pa 



Pi 




Pr. 



Ps 




Pfi 



Pq 




(3.20a) 



(3.20b) 



(3.20c) 



Then, e.g., the P matrices in equations (3.13) of our A4 example can be expressed as 



Pi = Pi, Pii = P3 , Pill = Pe , Piv = J^P, , Py = J^^-l)' Pi , (3.21) 
respectively. 



1=1 



i=7 



3.6 Analytic formulae for Kahler corrections 

In this section, we give a detailed account of the derivation of analytical formulae for 
the corrections to the mixing parameters coming from the Kahler potential, building on 



earlier publications 15 25 
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3.6.1 The general idea 

Let us start by specifying the goal of our derivation. We assume that we are given a model 
that makes predictions for the leptonic mixing parameters without taking into account 
any terms in the Kahler potential beside the canonical ones. That is, the superpotential 
alone predicts the lepton masses, mixing angles and complex phases, and the Kahler 



potential has the form shown in equation (1.4). We emphasize that it is irrelevant for 



the following computations how precisely the prediction for the parameters of the lepton 
sector is achieved. In principle, we only need the charged lepton Yukawa matrix and the 
Majorana neutrino mass matrix as input. Furthermore, for computational simplicity, 
we assume that the model has been transformed to a basis where the charged lepton 
Yukawa matrix is diagonal. Hence, a complete set of input parameters is given by the 
three charged lepton masses, the three neutrino masses and the nine mixing parameters^ 
which we assume to be in the standard parametrization (cf. appendix A.l[ ). 



After having specified the input, we now consider the same model but amended with 
correction terms in the Kahler potential. That is, we allow for an arbitrary Kahler 
potential for the left-handed lepton doublets L = {Li,L2^L^) and the right-handed 
lepton singlets R = {Ri, R2, R3), 

K D jeLL + R^ XrR , (3.22) 

with the Hermitean matrices 

je-L/R = l + AJTi/R. (3.23) 

Because of the corrections AJ^l/r, L and R are not canonically normalized. Since J^l/r 
are Hermitean and positive, they can be rewritten as 

-^L/R = '^L/R'^L/R = '^L/R {3.24) 

with Hermitean 3^lir. = '^l/r^ such that the canonically normalized fields are 

L' = JTlL, (3.25a) 
R' = JTrR. (3.25b) 

Since we assume the Kahler corrections AJ^/^j to arise from terms that are sup- 
pressed with respect to the canonical terms by powers of the flavon VEVs over the 
fundamental scale, we specialize to infinitesimal AJ^l/r, 

AJTl = ~2xiPl, (3.26a) 
AJ^Tr = -2x2Pr. (3.26b) 

Here Pl and Pr are Hermitean, xi and X2 are infinitesimal, and the factors —2 turn out 
to be convenient. The goal of the following discussion is to find analytic formulae for 
the dependence of the mixing parameters on xi and X2 for generic Pl/r- 



^This also includes the three "unphysical" phases that are usually absorbed in the charged lepton 
fields. The reasons for this will be explained in detail below. 
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Before we go on with the discussion, a comment is in order. We assume that the 
lepton basis is chosen such that the charged lepton Yukawa matrix is diagonal with 
positive real entries. However, this does not fix the basis completely since one can still 
perform a phase redefinition of the left-handed and right-handed lepton fields without 
changing the Yukawa matrix as long as the phase change is the same for both sectors. 
This freedom is conventionally used to absorb the three so-called unphysical phases 5e, 
Sfj, and 6r of ?7pmns into the fields. However, this is only possible for a diagonal Kahler 
potential. In the non-diagonal case discussed here, this redefinition also changes Pl/r 
according to 

Pl/r ^ Pl/r = Pl/r f/ph , (3.27) 

where f/ph = diag (6^*^% e"''', e'^^) is a diagonal matrix containing the unphysical phases. 
That is, after setting the unphysical phases to zero in the mixing matrix, the transformed 
Pl/r depends on them. This shows explicitly that the changes in the mixing parameters 
depend on the values of 5e, 5^ and Our results are derived for the case in which the 
three phases in ?7pmns are zero at Xi = X2 = 0. If this is not the case, one has to apply 



the resulting formulae not to the original Pl/r. but to Pl/r as defined in equation (3.27). 

For the following discussion, it turns out to be useful to introduce for any unitary 
matrix U a corresponding anti-Hermitean matrix 

T := U^U' , (3.28) 

where the prime denotes the derivative with respect to xi or X2 (it will be clear from 
the context which one is meant), such that 

U' = UT. (3.29) 

Hence, for the leptonic mixing matrix t/pMNS, we define 

TpMNS := f^PMNS^PMNS- (3.30) 

Since TpMNS is anti-Hermitean, it has nine independent real parameters 

u := {ReTi2,ReTi3,ReT23,ImTii,ImTi2,ImTi3,ImT22,ImT23,ImT33} . (3.31) 



On the other hand, one can use the definition of Tpmns, i-e. equation ( 3.30[ ), in order 



to express its entries in terms of the mixing parameters and their derivatives. Clearly, 
TpMNS is linear in the derivatives of the mixing parameters. Therefore, there is a linear 
map A from the derivatives of the mixing parameters to the elements of Tpmns, which 
only depends on the mixing parameters but not on their derivatives. Defining 

e := {e[2,0[3,O'2s,6\6:,6'^,5',,cp[,cp'2} , (3.32) 



^This does not imply that these phases are physical in this case. After the Kahler potential has been 
diagonalized, one can choose a field basis in which 6e.fi,T are zero. 
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one can write this relation in matrix form, 



Ai = u . (3.33) 

The first steps of our computation are to compute u in terms of the mixing parameters, 
then to read off A from this expression and finally to invert A. This way one obtains 
linear differential equations for the mixing parameters. The remaining task is to find 
TpMNS for arbitrary given Kahler corrections Pl/r- 

One can split this task into several parts. First, one can make use of the definition 
of t/pMNS '■= UlUy in order to split the derivative ?7pMNS parts, 

f^PMNS = {K)^U, + UlUl. (3.34) 

Multiplying this with f/pj^^g from the left and inserting twice an identity matrix yields 

TpMNs = t/^MNs {U'y (UMl) + f/^MNs Ul (UMI) K ■ (3-35) 

This can be further simplified by the introduction of the matrices Tg = U^U'^ and T^, = 
C/jJ[/^ and because of the anti-Hermiticity of Te one finally arrives at 

TpMNS = Ti, — f/pMNS t^PMNS • (3.36) 

In the following, we compute the different contributions to Ti, and Te at xi = X2 = 0. 
All quantities are from now on evaluated at this point if not indicated otherwise by 
displaying the arguments (xi) or (^2) explicitly. 

3.6.2 Corrections due to Ui, 

Let us first discuss the case of T^. Going to canonically normalized fields by the trans- 



formation shown in equation (3.25) leads to the change of the neutrino mass matrix 



~ ^[{1 + xiPl) L'f m1[{l + xiPL) L'] 

^ h'^mlL' +\x,L'^ [Plml + mlP,) L' (3.37) 

in linear order in xi. That is, the change of mi, is governed by a differential equation 
which has the same form as the renormalization group equation (RGE) for the neutrino 
mass operator (cf. equation (B.5) of ^12j), 

^m,(a;i) = P^ml + mlP, m,(0) = m° . (3.38) 



Therefore, we can repeat the steps in [12] that have led to the analytic solutions to the 
RGEs for the mixing parameters. 
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The Xi-dependent unitary diagonalization matrix Ui,{xi) of the neutrino mass matrix 
mu{xi) is defined by the equation, 

U^{xi)'^ m^{xi) U^{xi) = Dy{xi) = diag(mi(xi),m2(xi),m3(xi)) , (3.39) 

where the mass eigenvalues mj(xi) are positive real numbers. 

Taking the derivative of equation (3.39) with respect to Xi, which is denoted by a 
prime in the following, and evaluating the result at xi = 0, we obtain 

d 



dxi 



(t/:(xi)D,(xi)[/t(xi))u,=o = {uirD,ui + u:D,{uiy + u:Diui 

= PIu:D,UI + U:D,UIPl. (3.40) 



All quantities on the right-hand side are evaluated at Xi = 0. Multiplying this equation 
by f/J from the left and by Uy from the right yields 



with 



Ul Pl 



t 



PMNS f^PMNS 



(3.41) 



(3.42) 



where we used the fact that f/e(0,0) = 1. With the previously defined anti-Hermitean 
matrix T,y = UlU^ one can rewrite this equation as 



D' 



Pl + D,, P, 



T* D 



D T 



(3.43) 



Since the left-hand side of this equation is diagonal and real, the right-hand side has to 
have these properties as well and one obtains 



(3.44) 



The first term is real since Pl (and thus Pl) is Hermitean, whereas the second term is 
purely imaginary and has to vanish, 



lm{T^)ii = . 
By comparing the off-diagonal terms one gets 

rrii {Ty)ij - {Ty)*- rrij = - {Pl)ij rrij - nii (Pj 
such that 

_ rrij Re{PL)ji + rrii Re{PL)ij 



L)ij 



Re(T, 



rrii + m 



UjlJ 



rrij — rrii 



im(r,) 



rrij lm{PL)ji + rrij lm{PL)i 
rrii + fTT'j 



rrii — rrii 



rrii ~ f^j 
rrii + "tTT-j 



^ Re{Pi 



L)ij 



Im(Pi 



L)ij 



(3.45) 
(3.46) 

(3.47a) 
(3.47b) 



This, together with (3.45), specifies all entries of T^, 
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3.6.3 Corrections due to Ue 

We turn now to corrections coming from the charged lepton sector. The Yukawa coupling 
term changes due to the redefinition of the fields as given in equation (3.25), 

= -B!^ {{J^Rr'f 1;° (^l)-' L' + h.c. 

~ -i?'^ (1 + X2 (PRf) (1 + xi Pl) L' + h.c. 

~ -R'^ + X2 {PRf + xi Y^ Pl) L' + h.c. . (3.48) 

The Yukawa matrix can be diagonalized by a bi-unitary transformation. The matrix Ue 
acting on the left-handed charged leptons is determined to first order in xi and X2 by 

Ul{x,,X2) [(1;°)' + 2 X2 Y^ {Pnf + xi (1;°)^ P^ + xi Pl [Y^f] f/e(xi, X2) 

= Dl{xi,X2) = diag{yl{xi,X2),ylixi,X2),ylixi,X2)) , (3.49) 

where D'^{xi,X2) is the diagonal matrix of the squared lepton Yukawa couplings and 
DliO,0) = iY,r. 

We first focus on the Xi-dependence. Hence, we take the derivative of equation ( |3.49[ ) 
with respect to Xi and evaluate the resulting expression at Xi = 0, X2 = (remember 
that Ue{0,0) = 1), 

^ {Ue{x,)Dl{x^)UKx,))U,=o = U'AYy + {Y^y {Uy + {Dlr 



dxi 



PLiY^y + iY^PL. (3.50) 



Using the fact that T^^ = U'^ (where the superscript Xi on T^^ means that it is the 
part of Te which corresponds to changes of xi) is anti-Hermitean, one can rearrange this 
equation into 

{Dly = Pl iY^f + iY^f Pl - {Y^? + {Y^f . (3.51) 

For the terms on the diagonal this reads 

{y^y = 2{PL)uyi. (3.52) 

There is one important difference from the case of U^. The diagonal terms {T^^)ii cancel 
exactly; hence, they cannot be determined from this equation. However, they only 
contribute to the changes of the unphysical phases which can, after diagonalizing the 
Kahler potential, be transformed awayj^ Therefore, changes of these phases are of no 
interest to us. Contrary to the diagonal terms, the off-diagonal terms of can be 
derived from equation (3.51), 



3 



iT:% = {PLh^]2^ . (3.53) 
yj iJi 

We have verified this analytically by keeping the diagonal entries of Tg arbitrary. 
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This fixes the first part of T^^ up to the imaginary parts of the entries on the diagonal. 

Moreover, there is the part of Te which comes from changes in denoted by T^"^. 
Besides the fact that the derivatives are now taken with respect to X2-, the only difference 
compared to equation ( |3.5lD is that Pl iY^f + (Y^f Pl is replaced by 21^° {PrYY^, 
i.e. 

{Diy = 2 (Pnf n° - T- (Y^r + iY^f T- . (3.54) 

From this equation one can derive the change of the masses, 

{y^J = 2{Pn)ny^, (3.55) 

which again leaves the terms on the diagonal of undetermined, and the off-diagonal 
terms of Tf^, 

(T-),, = 2(P^),,^^. (3.56) 



This determines T^"^ up to the entries on the diagonal. 
Combining all three contributions yields 

^PMNS = — ^PMNS ^e""^ ^PMNS + ^1/ , (3.57a) 

^PMNS = -f^PMNS^e'''' ^PMNS • (3.57b) 

From this, one can derive the derivatives of the mixing parameters at Xi = 0, X2 = 

from which the change of the parameters can be computed to first order by simple 
multiplication with xi and X2, respectively. 



3.7 Mathematica package 

The formulae that we obtained by following the procedure outlined above are made 
available online as a Mathematica package. It can be found on the web-page 

[http : // einrichtungen . ph . turn . de/T30e/ codes/KaehlerCorrect ions7 

The package contains the full analytic formulae in such a way that all input parameters 
can be set by the user. Without specifying any initial values, the formulae are very 
lengthy, and therefore, we will in the following only use them after setting most of the 
input parameters (cf. appendix [B|. 

Furthermore, the package provides some functions to simplify the usage of the for- 
mulae. In particular, the function kaehlerCorr can be used to output the Kahler 
corrections for a Kahler potential of the form 

K = [Lf]^ {5fg + XL{PL)fg)L3+{Rf)\5fg + XR{PR)fg)R\ (3.58) 

with Pl, Pr fixed and given initial values for masses and mixing parameters. We em- 
phasize again that the formulae may only be applied in a basis where the charged lepton 
Yukawa matrices are diagonal. 
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Some care is to be exercised for the case of a zero initial mixing angle as it occurs 
in tri-bi-maximal mixing because this renders the initial value of 6 undefined. One can 
infer its correct value by the requirement that the change of 6 is analytical in the angle 
that has zero initial value. This is done automatically by the package. However, there is 
also the possibility to override this behaviour in case the automatic determination fails. 
For more information, we refer the reader to the documentation which is part of the 
download. 



4 Implications 

After presenting the derivation of analytic formulae for corrections from the Kahler 
potential, we now apply these formulae to explicit examples from the literature, focussing 
on the models based on A4 17 and on T' 18 introduced in section [2] We also discuss 
the implications of the Kahler corrections for the VEV alignment and the threat of flavor 
changing neutral currents. First, however, we present the changes induced by the Kahler 
corrections starting from tri-bi-maximal and bi-maximal mixing for general P matrices 



from equation (3.20). 



4.1 Tables for general P matrices 

We now provide tables that summarize the Kahler corrections starting from tri-bi- 
maximal mixing and bi-maximal mixing, respectively. For the charged lepton masses 



and the mass-squared differences of the neutrinos, the current PDG values 26 are used 



and normal hierarchy is assumed. The absolute mass scale of the neutrinos is set by 
nil = 0.01 eV. The form of the Kahler potential under consideration is 

K = L^1 + xlPl)L + R^ R, (4.1) 

i.e. only the left-handed sector is modified. In the tables, Pl is replaced by one of the 



nine basis matrices Pi, see equation (3.20), in each column. The value of the small 
parameter is xl = 0.01. The results are summarized in table for tri-bi-maximal 
mixing, i.e. 

1 „ . „ TT 

4 ' 



e 



12 



arcsm —= , Oi^ 
V3 



0, ^: 



23 



6 



undefined 



TT 



TT 



5r = , ipi 



^2 



(4.2) 



where the phases are determined from equation (2.1), and in table 4.2 for bi-maximal 
mixing, i.e. 

TT TT 

- , = , 6123 = ^ , (5 = undefined , 

TT , 5^ = TT , 5^ = , = = 27r , (4.3) 

where, for simplicity, the same phases have been chosen. In appendix |B] we also present 
the analytic formulae for tri-bi-maximal mixing but without setting absolute neutrino 
masses and without specifying x^- 



Q\2 
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Pi 


P2 


^3 


Pi 


P5 




P7 


Ps 


P9 




-0.96 


-0.28 


0.48 


-0.28 


0.96 


0.48 
















-0.12 


-0.015 


0.12 





0.015 


-0.073 


0.073 


0.012 


A^^23 [1: 





-0.021 


-0.24 


0.021 


-0.29 


0.24 












Table 4.1: Changes of the mixing angles under Kahler corrections of the form AK 
xV^ PiL for X = 0.01 (cf. equation (3.20)) starting from tri-bi-maximal mixing. 





Pi 


P2 


P3 


P4 






P7 


Ps 


P9 


A^i2 n 


-1.0 


0.20 


0.51 


0.20 


1.0 


0.51 











A9,3 n 





-0.12 


-0.016 


0.12 





0.016 


-0.076 


0.076 


0.012 


AOo, n 





-0.023 


-0.23 


0.023 


-0.29 


0.23 












Table 4.2: Changes of the mixing angles under Kahler corrections of the form AK 
xV^ PiL for X = 0.01 (cf. equation (3.20)) starting from bi-maximal mixing. 



We should emphasize that the results shown in these tables depend on all the mixing 
parameters before taking into account the Kahler corrections. That is, in particular, they 
also depend on the two Majorana phases and the three unphysical phases. Furthermore, 
at the starting points of tri-bi-maximal and bi-maximal mixing, the phase 6 is not 
properly defined due to ^^13 = 0. For each Pj, it is determined from the formulae by 
demanding that the change of 6 is analytical at ^13 = 0. 



4.2 Corrections in the A4 model 

We start with a discussion of the Kahler corrections in the Aa model. As shown in 



section |3.2[ there are five independent quadratic corrections which cannot be forbidden 
by a symmetry. The matrix Py, for example, comes from the higher-order term (L ® 
^u)3a^ shown in equation (3.11). If we plug Py into our derivation of the 



analytic formulae, we obtain for the change of Oi^ from its tri-bi-maximal starting value 
the formula [16] (cf. appendix IbI) 



AO 



V 



1 



13 



■ -r^ • 3^3 • —= 



2mi 



mi + m3 



+ 



m" 



m^ — ml 



+ 



mz, 



mi — ml 



V 



mi 



-r^ ■ 3^6 

A^ mi + m3 



(4.4) 



assuming in the last line that the small contribution of the charged leptons can be 
neglected. Using the PDG [26j values for the mass-squared differences, we can plot the 
change in ^13 against the neutrino mass mi as shown in figure [2| where we set the ratio 
of VEV to the cut-off scale to be of the order of the Cabibbo angle, i.e. v/A = 0.2, and 
the coefficient Ky = 1. Unlike ^13, which approaches A^i3 ^ 8.42° for mi — )■ 00, the 
other angles experience only minor changes under the correction Py. We see that with 
this correction we get close to realistic values for 6'i3 while the other angles stay almost 
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CO 4 

Ob 



0.00 



0.02 



0.04 0.06 

nil [eV] 



A^i3 an. 
A6'i3 num. 

0.08 



0.10 



Figure 2: Change of ^13 in the A4 model due to the Kahler correction from the matrix 
Py, setting Kyf^/A^ = (0.2)^. The continuous hne shows the result of equation (4.4), 
while the dashed line represents the result of a numerical computation. 



the same|3 

However, we also observe opposite effects, i.e. corrections that drive the predictions 
of the angles away from their best fit values. For instance, the corrections due to Pjy, 
which are independent of the neutrino masses, leave ^13 unchanged and change 612 by 
+3.2° and 623 by —2.3°, given that we set kiyv'^/Is? = (0.2)^. We have cross-checked 
these analytical results by a numerical computation. 



4.3 Corrections in the T' model 



In section 3.4 we already described the quadratic correction terms for a T' model. As 



discussed there, due to its flavon structure the model includes all of the correction terms 



of the A4 model, so some of the discussion from section |4.2| still applies. However, the 
considered T' model 
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does not predict exact tri-bi-maximal mixing so we have to 
consider different initial values in our analytic formulae. Moreover, a crucial assumption 
for the applicability of our formulae is that the model is in a basis where the charged 



lepton Yukawa matrix is diagonal, as stated in section 3.6.1 which is also not the case 
in the considered T' model. Therefore, we first have to perform a basis transformation 
such that the charged lepton Yukawa matrix becomes diagonal. Since this is simply a 
basis transformation, the mixing matrix and, hence, the mixing angles are not affected. 
Nevertheless, the form of our correction matrices P changes which we demonstrate with 



the help of an example. The higher-order Kahler potential term {L ® ^,yy^^{L (g) $ 



^To be precise, the A4 model presented in section [2] does not allow for a variation of mi while 
keeping the mass-squared differences fixed. This is, however, possible in extended models leading to 
tri-bi-maximal mixing, see e.g. j27]. 



19 



3.0 : 




0.00 0.01 0.02 0.03 0.04 



Figure 3: Change of ^13 in the T' model due to the Kahler correction from the (modified, 
see text) matrix Py up to KyVEV^/A^ = (0.2)^. The continuous hne shows the result 
of the analytical formulae while the dashed line represents the result of a numerical 
computation. 



after VEV insertion, leads to the term 

AK D PyL + h.c. . (4.5) 

However, this is in a basis where the charged lepton Yukawa matrix is non-diagonal. 
The necessary basis transformation that diagonalizes it redefines the left-handed charged 
leptons L by some matrix V. This leads to a modified P matrix 

L^PyL {VL^PyVL = L^PyL, (4.6) 

where we defined Py := V'^ Py V. 

In this basis we can now use our analytic formulae on the matrix Py, using the initial 



values for the mixing angles predicted by the original model as shown in equation (2.8), 
9i2 ~ 33°, 023 = 45° and ^^13 ^ 3°. Furthermore, we have to consider that the model also 
predicts absolute neutrino masses, e.g. mi = 0.0156 eV. Therefore, we cannot plot the 
change in mixing angles as a function of the neutrino masses, but rather against the size 
of the small expansion parameter x = VEV^/A^ times a coefficient ny from the Kahler 
potential. For 6*13 this is shown in figure [3j 

In this plot we see that ^13 can be increased by A^i3 ^ 3° for T', raising the value 
of 6^13 up to about 6° in the assumed parameter range. We also should comment that in 



this model two fiavon triplets have the same VEV structure, as one can see in table 2.2 
According to equation (2.7), both fiavons and ^ have VEVs proportional to (1, 1, 1) 



and, therefore, can lead to the correction Py. In the best case, both corrections would 
add up and boost the maximal change to A^^i3 ^ 6°. This would yield 613 ~ 9° as a 
result, which is of the order of the experimentally measured value. However, this only 
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0.00 0.01 0.02 0.03 0.04 



Figure 4: Change of 6*23 in the T' model due to the Kahler correction from the (modified, 
see text) matrix Pvi up to Kvi VEV^/A^ = (0.2)^. The continuous hne shows the result 
of the analytical formulae while the dashed line represents the result of a numerical 
computation. 



applies to the very special situation in which the contributions from both fiavons and 
^ add and contributions different from Py should not spoil the result. Moreover, the 
VEVs in the model are generally such that VEVVA^ ~ 0(1/1000), in which case the 
Kahler corrections become negligible. 

In addition to the corrections which are also present in A4, the T' model has, as we 
showed in section 3.4, six independent corrections due to the fiavon doublets ip and ip'. 
Let us, for example, consider the correction due to the matrix Pvi in equation (3.19b), 
which comes from the Kahler potential term (L ® ip')^'^^ ® V^')2' as can be seen in 
equation (3.16). Before we can calculate the associated correction, we again have to 
perform a basis transformation which brings the charged lepton Yukawa matrix into 
diagonal form, therefore, also transforming Pvi — ^ -Pvi- Using this matrix, the initial 
values from equation (2.8) and the computed neutrino masses, we can again plot the 
changes of the mixing angles against x = VEV^/A^ times a coefficient Ky\. As an 
example, we show the result for 623 in figure |4j 

We hence see that the Kahler corrections in the T' model are less prominent than 
in the A4 case. Our analytical treatment as well as the Mathematica package (cf. sec- 
tion 3.7) allow one to determine the impact of these corrections in other concrete models 



with very little effort. 



4.4 Further implications 
4.4.1 VEV alignment 

As is well known, the VEVs of fields tend to settle at symmetry enhanced points. How- 
ever, since, as we have discussed in detail above, the full Lagrangean of many fiavor 
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models does not really exhibit residual symmetries, one might expect corrections also to 
the (holomorphic) flavon VEVs. In particular, the Kahler corrections might play a role 
when discussing VEV alignment, i.e. the question why the VEVs of the flavons take a 
particular form. In what follows, we make the simplifying assumption that the flavor 
sector is independent of the usual 'hidden sector' which is responsible for supersymmetry 
breakdown. Specifically, we assume that the F-term VEVs of the fiavons are negligible. 
Consider a model where the supersymmetric Lagrangean can be written in the form 



S£ = [ir(^,^texp(-2tAVA))]^ + 



1 



/ab(^) + + h.c. 



(4.7) 



where ^ stands for all chiral superfields of the model, Va are the vector superfields 
containing the gauge bosons, and W"^ are the corresponding field strength superfields. 
Then, the scalar potential, whose minima determine the VEV structure, reads 



r(^,^*) 



-1 



+ ^[Re(/Aij(^))]-'-Re 



dK 



0^9 



■Re 



dK 
d¥9 



(7/>,V'*)-(tB^)^ 



(4.8) 



where ip and ip* are the scalar components of ^ and \I'"'', respectively. Before taking into 
account the corrections to the Kahler potential, the Kahler metric is, by assumption, 
diagonal. 



from which it follows that the scalar potential simplifies to 



(4.9) 



dW 



1 



+ -[Re{fAB{m ■{ru^)-{rtBi^) . (4.10) 



Suppose that this scalar potential has a global supersymmetric minimum at = ipo. If 
does not break supersymmetry, ipQ satisfies the F-fiatness and D-fiatness conditions. 
Let us first discuss the F-fiatness conditions. Since the Kahler metric is invertible, 
the conditions 



(^0 



0, V/ 



(4.11) 



for the case of a canonical Kahler potential are equivalent to the conditions arising from 
equation (4.8), i.e. for the case of an arbitrary Kahler potential. This implies that Kahler 
corrections do not change the VEV alignment via the F-terms. 
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The D-flatness conditions require some more care. Let us first discuss the simplest 
and most common class of models, to which also the A4 model belongs. In these models, 
there is only the SM gauge symmetry, under which the flavons, however, are not charged. 
Hence, the flavons do not enter the D-fiatness conditions irrespective of the Kahler 
potential. This, together with the invariance of the F-fiatness conditions, implies that 
the vacuum alignment is completely untouched by the Kahler corrections in these models. 

Let us now comment on more complicated cases. If one allows for additional gauge 
symmetries such as a GUT symmetry, and also for flavons having gauge charges, one, 
in principle, has to check case by case whether the VEV alignment is changed due to 
modified Z)-fiatness conditions. There is, however, a simple case for which one can find 
a general argument. Let us assume that the additional gauge symmetry is broken by the 
VEVs of one or several chiral superfields 5*-^ which furnish irreducible representations of 
the gauge group, whereas all other fields, summarized in \1/ in the following, are either 
not charged under the additional gauge symmetry or do not obtain a VEV. If one can 
furthermore assume that the Kahler potential factorizes as 

K{^,^\Sf,iSfy) = Ks{iSfy5f,S3)-K^{^,^^) , (4.12) 

where both Ks and should contain a constant term, the D-flatness conditions are 
equivalent to the Z)-fiatness conditions of a canonical Kahler potential. In combination 
with the invariance of the F-fiatness conditions this shows that the vacuum alignment 
stays completely unmodified by the Kahler corrections. In particular, this is fulfilled if 
the gauge symmetry is only broken by the VEV of one field, i.e. if there is only one field 
that is both charged under the gauge symmetry and attains a VEV. This applies, for 
example, to the T' model. 

In summary, we see that in most situations Kahler corrections will not interfere 
with the usual mechanisms for VEV alignment. This, in a way, justifies to assume that 
the flavons attain some 'very symmetric' VEVs, as for instance in the sample models 
discussed above. 



4.4.2 Constraints from FCNCs 

In supersymmetric model building, an important question concerns the flavor structure 
of the soft supersymmetry breaking masses and the A-terms. They originate from 
higher-dimensional terms in the superpotential and the Kahler potential. Specifically, 
they are induced by interactions of the matter fields with the spurion superfield X that 
breaks supersymmetry, i.e. X — > 9^ {Fx) 7^ 0. 



The terms relevant for our discussion are 28 



W D {Y,)fgLf WH,-^{Y^'')fgXLf WH,, (4.13a) 
K D (L/)t(jri)/,L3 + -^ (X(L0^(ni)/3Lf + h.c.) 

^»-soft 

^ X^X {L^y {kL)fgL3 + L^R, (4.13b) 



A2 
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where Agoft represents some messenger scale, such as the Planck scale in the case of 
gravity mediation. The coupling matrices Ye, , ^l/r, ^l/r and ki/R are functions 
of the flavon superfields and the cut-off scale A. All these matrices can obtain off- 
diagonal entries through non-trivial flavon contractions after the fiavons acquire their 
VEVs. However, J^l/r and k^iR are Hermitean and we choose to work in a basis where 
Ye is diagonal. 

The supersymmetry breaking soft masses and A-terms can be written as 



soft 3 



fg 



+ h.c- 



(4.14) 



where I and r denote the left- and right-handed slepton fields, respectively. The relations 



between the parameters in equation (4.13) and equation (4.14) can be obtained by 



replacing the spurion by its VEV and integrating out the auxiliary fields of the matter 



superfields. Defining M 



they are given by 



28 



ll/rr) 
(^lr)/<, 



ikL/R)fg + (4/fl)/» i^L/R)t9 



[iYe'')fg + MfdYe)^g + {Ye)f^{nnU • 



(4.15a) 
(4.15b) 



We now turn back to equation (4.13) and analyze the couplings. By Schur's Lemma, 



the matrices J^l/r, f^L/R and ki/R in the Kahler potential are diagonal to first order. 
In fact, since the left-handed lepton doublets are contained in one irreducible represen- 
tation, the corresponding matrices are all proportional to the unit matrix. To simplify 
the following discussion, we will make the assumption that the same is true for the 
right-handed leptons, i.e. 



{'^L/R)fg 
{f^L/R)fg 
ikL/R)fg 



^fg ' 

I^L/R Sfg , 
L/R ^fg ) 



K 



(4.16a) 
(4.16b) 
(4.16c) 



with kl/r and n'^^/j^ being order one coefficients. The restriction to generation indepen- 
dent coefficients does not qualitatively affect the final results. 

At second order, contractions of the leptons with the flavon fields are possible. When 
the fiavons obtain their VEVs, the effective coupling matrices read 



{'^L/R)fg 
inL/R)fg 
{kL/R)fg 



^fg - '^x{PMn,L/R)fg , 
f^L/R [5fg-2x{NL/R)fg] , 

'l/r [^/<y - 2 a; (Psoft.L/fl)/^] 



K 



(4.17a) 
(4.17b) 
(4.17c) 



where Pkin,L/R and Psoft, L/i? are Hermitean, Nl/r arbitrary complex matrices, and x is 
at most of the order of flavon VEV over the cut-off scale. In fact, most often x is of 
the order (VEV/A)^ by the arguments already outlined in section 3.1 We would like to 
emphasize that the matrices Pkin.L/ij, -Psoft,L/R and N^/r, which come from contractions 
of the lepton flelds with the flavons, are a priori unrelated. 
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Since the Kahler metric now contains off-diagonal terms, one has to canonically 
normahze the lepton fields by the transformations 

Lf ^ L'f = [6fg + X (Pkin.L) fg] Lf , (4.18a) 

Rf ^ R'f = [Sj^ + X (Pkin,i?) fg] , (4.18b) 

which leads to the transformed coupling matrices 

= I^L/R [Sfg + 2x{{Pi,i^^L/B)fg- {NL/R)fg)] , (4.19a) 
(^L/ij)/9 = ft^L/i? ['^/9 + 2x((Pkm,L/K)/3- (Psoft.L//?)/^)] (4.19b) 

to first order in x. Furthermore, one has to apply unitary transformations to the leptons 
that remove the off-diagonal elements from the charged lepton Yukawa matrix, in order 
to be able to compare the results to the experimental constraints. Since for x = 0, i.e. 
without corrections due to the fiavons, the Yukawa matrix is, by assumption, diagonal, 
one can write these transformations up to first order in x as t/^/zj = 1 + ixHli^ with 
Hl/r being Hermitean. Hence, this redefinition of fields does not affect til/r and ki/R 
at linear order in x. 

Hence, the soft masses for the sleptons in linear order in x are 

(^ll/rr)/9 = {('^L/fl+ hL/i?r) -^/g 

+ '2^1^'l/R [(-Pkin,L/i?)/g - {Psoit,L / r) f g\ 

+ 2X \klIr\^ [(Pkin,L/i?)/9 - (iVi/ij)/g + h.c.]} . (4.20) 

The crucial point is that all off-diagonal terms are suppressed compared to the diagonal 
terms by one factor of x. In special cases in which there are relations between P\a_n,L/Ri 
Psoft,L/R and Nl/r, the off-diagonal terms might even vanish (almost) completely. 

Before confronting this with the experimental constraints, let us first also discuss 
the A-terms without dwelling on the details. Since after all basis changes the Yukawa 
matrix Yg is diagonal, the off-diagonal elements of the second and third term of Alr in 



equation (4.15b) are suppressed by one factor of x. Moreover, they are suppressed by 
the smallness of the lepton masses. 

The coupling matrix in equation (4.13) can only arise from the same fiavon 



contractions as the Yukawa matrix Y^. Neglecting the possibility of fine-tuning, our 
assumption of a diagonal Yukawa thus implies diagonal Y^ . Although the precise size 
of the entries of Y^ may differ from the lepton masses, one should assume that they are 
of the same order of magnitud e]^ S ince Y^ does not have to be proportional to Ye, the 



effects of the transformation (4.18) on Y^ are not completely undone by the unitary 
rotation to the charged lepton mass basis. However, all off-diagonal terms are at most 
of the order x and, furthermore, suppressed by the smallness of the diagonal entries. 

Let us now discuss the experimental constraints. We showed above that the Kahler 
corrections induce off-diagonal terms for the soft masses and the A-terms. Therefore, 



^If one has a mechanism that suppresses the lepton Yukawa couphngs to the desired values, this 
mechanism should also suppress the entries of in the same way. 
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FCNCs are induced, in general by slepton, chargino, higgsino and neutralino loops. The 
strongest constraints are given by the decay /i — )■ 67. The SUSY contribution to this 
process through photino and slepton loops is given by [29] 



Br(/i — > 67) 



12 7ra3 



+ (L ^ R) , (4.21^ 



where Mi{y) and M^^y) are loop factors depending on the mass-squared ratio between 
photino and slepton, y = m~/m~, where we set mj ^susy- Their precise expressions 
can be found in [29] . For our purposes it is enough to state that the functions M3 and Mi 
are bounded by M^{y) < 0.083 and Mi{y) < 0.5. More importantly, (5i2)ll and (5i2)lr 
are the mass insertion parameters, i.e. the ratio between the off-diagonal and the diag- 



onal elements of the soft masses or the A-terms, respectively. Through equation (4.20) 
we can estimate ((5i2)ll to be of the order of x. The chirality changing mass insertion 
(^12)lr is determined by the A-term, which again is proportional to x. Furthermore, 
one might expect, as argued above, that the A-teim is proportional to a parameter of 
the order of the corresponding Yukawa coupling. Therefore, we can estimate the A-term 
to be of the order Mx?/^ , which yields (5i2)lr — {x m^)/msvsY for the mass insertion 



parameter in (4.21). 

In the previous sections we assumed the expansion parameter x to be maximally of 
the order Cabibbo angle squared, i.e. x < 0.04. Using this value in our mass insertion 
parameters we can give a lower bound for the slepton mass msusY in order to satisfy the 
current experimental limit of Br(/i — )■ e7)exp < 2.4 x 10~^^ 26 . For a photino to slepton 



mass-squared ratio of y = 5, we have msusY > 700GeV, for y = 2,we get msusY > ITeV, 
and for y = 0.5, we have msusY > 1-2 TeV. Furthermore, for msusY > 1-4 TeV, the 
experimental limits are always satisfied, independent of the photino to slepton mass- 
squared ratio. This shows that constraints from FCNCs do not rule out sizable Kahler 
corrections for reasonable values of the soft SUSY breaking mass scale. 



5 Conclusions 

We have discussed the impact of Kahler corrections on the predictions of models with 
spontaneously broken flavor symmetries. We find that these corrections are, in general, 
sizable since they are controlled by the ratio of flavon VEV over the fundamental scale, 
which also sets the scale of the expansion parameter for the entries of the coupling 
and mass matrices. Furthermore, it appears hard to avoid Kahler corrections because 
the corresponding terms cannot be forbidden by means of conventional symmetries. 
In addition, the coefficients of such terms entail new parameters, which reduce the 
predictivity of the respective models. In view of these results, it appears to be premature 
to 'rule out' certain symmetry groups by looking at the holomorphic terms only, as has 



been done recently in various scans 30,31 . 
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Let us stress at this point that the situation in non-supersymmetric settings is even 
worse. In the non-supersymmetric case, it is, of course, also possible to write down 
higher-order corrections to the kinetic terms which are induced by the flavon VEVs. 
Yet, one may introduce even more non-holomorphic terms than in the supersymmetric 
case such that the number of unknown parameters gets further increased. We find, 
however, that the situation in supersymmetric models is already 'bad enough' such that 
we refrain from entering this discussion in this paper. 

In particular, we have presented a full derivation of analytic formulae which describe 
the change of the mixing parameters. We have applied these formulae to two example 
models, one based on the flavor symmetry Gp = A4 x 17 and one based on Gp = 
T X 1ji2 X 18 . We have demonstrated that, for the simple A4 model which predicts 
tri-bi-maximal mixing at the leading order, one of the fiavon VEVs induces a large 61^ 
value that is compatible with current experimental limits 20 22 . On the other hand. 



the VEV pattern in the T' model is such that Kahler corrections are not too large unless 
the Kahler coefficients are large. This can easily be understood with the aid of the 
analytic formulae derived in this paper, and can also be checked with the associated 
Mathematica package. 

Furthermore, we have shown that the Kahler corrections do not pose a threat to 
the VEV alignment. Moreover, we have argued that they also do not induce significant 
fiavor changing neutral currents, i.e. for reasonably large soft masses, the size of the 
fiavor violating terms is well within the current experimental bounds. Hence, also the 
vanishing of FCNCs cannot be used to constrain the Kahler corrections considerably. 

In conclusion, we argue that, in the supersymmetric context, a theory of fiavor re- 
quires a better understanding of the Kahler potential. Such an understanding may 
be obtained in higher-dimensional settings, where effective couplings can be computed 
from wave-function overlaps (cf. e.g. 32,33]), and non-Abelian discrete symmetries may 

(cf. 



be related to the geometry of compact space (cf. e.g. |34j). In this regard, it appears 
also promising to derive fiavor models from string theory, where the non-Abelian dis- 
crete symmetries have a clear geometrical interpretation 35 37 . In certain settings, the 
Kahler potentials are known to some extent 38 ; some information can be inferred from 
the transformation behavior of the fields under the modular group 39 , 40 ; however. 



closed expressions for higher-order terms have not yet been worked out. 
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A Conventions 

A.l Parametrization of Upmns 

The parametrization of the PMNS-matrix used in this text is shown here. First, f/pMNS is 
decomposed in the product of a diagonal phase matrix containing the unphysical lepton 
phases, a CKM-like matrix V and a diagonal matrix containing the two Majorana 
phases, 

?7pMNS = diag(e>^%e^^-,e^^0-m2, ^13, ^13, ^)-diag(e-'^i/2^e^<^^/^l). (A.l) 
The matrix V itself is parametrized as 

C12C13 -512 013 Si3e ^"^^ 

V = I — S12 C23 — C12 S23 -513 e"^ C12 C23 — S12 S23 Si3 e'^ S23C13 I . (A. 2 

S12 S23 - C12 C23 Si3 -C12 S23 - S12 C23 Si3 e'^ C23 Ci3 

Here, Sij denotes sin6'jj and Cjj denotes cos 9ij. 
A.2 A4 

In section |3] we provided possible Kahler corrections for models based on the non- 
Abelian flavor group A4. In this appendix, we recall the most important aspects of 
the A4 group, which is the symmetry group of the regular tetrahedron. It has four 
inequivalent irreducible representations, including three singlets 1,1', 1" and one triplet 
3. Throughout the literature there are mainly two different bases that have been used 
for A4. In section [3] we utilize the basis in which the generators S and T are represented 
as 



^=^1 2 -1 2 1, T = \ cu^ \ , with u = e^ . (A.3) 
^\2 2-l/ \00 

These generators give us the multiplication rule 

3 ® 3 = 1 © 1' © 1" © 3s © 3a , (A.4) 



-1 


2 


2 ^ 











2 


-1 











• 


2 


2 






^ 
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where 3s and 3a denote the symmetric and the antisymmetric triplet combinations, 
respectively. In terms of the components of the two triplets, a and 6, 

(a (8)6)^ = 0161 + 0263 + 0352, (A.5a) 

{a®h)^, = 02 &2 + «i &3 + «3 ^1 , (A. 5b) 

(a®^)-^,, = 0363 + 0162 + ^261, (A.5c) 

2oi6i - 0263 

(a (8)6)3^ = I 203 63 - oi 62 - 02 61 I , (A.5d) 

2o2 62 - Oi 63 • 

02 63 - 03 62 

{a®b)^ = \ 0162-0261 I , (A.5e) 





03 61 — oi 6 



3 



where (a indicates that a and b are contracted to the representation R. Note 
that there are different conventions for normalizing the triplets 3j in the literature, and 
the corresponding factors can be absorbed in the Kahler coefficients. 
In another basis, A4 is generated by 



5= 0-1 , T=100 , (A.6) 






which is related to our basis through the unitary transformation matrix 

= ^ \ 1 CO co^ \ . (A.7) 

CO 

The relation between the two bases is then given hj S = S Ul and T = U^T Ul- 

It is important to note that this basis transformation also relates the different flavon 
VEVs to one another. This means that the VEV {v,v,v)'^ in one basis is equivalent to 
the VEV (f ', 0, 0)"^ in the other basis, and vice versa. 



B Examples for analytic formulae 

We present examples of the analytic formulae for corrections due to Pl in 

K = L^1 + xlPl)L + R^ R, (B.l) 



where Pl is replaced by one of the nine basis matrices Pi, as shown in equation (3.20). 
We take the tri-bi-maximal mixing as initial condition for the mixing parameters, i.e. 

1 TT 

^12 = arcsin —= , 6*13 = 0, 6*23 = 7 , ^ = undefined , 
V 3 4 

5e = 71 , 6^ = 7T , 6r = , ipi = = 27T . (B.2) 
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The CP phase 6 is determined from the formulae by demanding that the change of 6 is 
analytical at 6*13 = for each of the Pi, which yields 5 = for i = 1, . . . , 6 and 6 = —7i/2 
for i = 7, 8, 9. The neutrino masses rrii are left unspecified. The pronounced hierarchy 
of the charged lepton masses, i.e. rrir ^ 3> nie, is used to simplify the results. 
In leading order in an expansion in the small mass ratios, the charged lepton masses 
completely drop out from the formulae. We obtain the following analytical expressions 
for the changes of the mixing angles: 

• For P = Pi: 

(1) _ 1 mi +1712 . 

= 0, (B.3b) 
A^g^ = 0. (B.3c) 

• For P = P2: 

Afl(2) 1 2mi -m2 , . 

A6'i2 = XL — ^ , (B.4a) 

(2) 1 3mim2 - 2mim3 -m2m3 m 
" 3^2 (mi - m3) (m2 - ma) 

Afl(2) _ ^ 1 m3 (mi - m2) 

3 (mi - m2j (m2 - mz) 

• For P = P3: 

A« = -x.^^^^^, (B.5a) 
6 ^/2 mi - m2 ^ ' 

A^ J = XL 7 ^^^7 r , B.5b 

3 \/2 (mi - m3) (m2 - m^) 

»^(3) 1 mi(3m2 + m3) -m3(m2 + 3m3) mcN 

i\9\J — Xl ^ — —r-, ^ ^ -■ (B.5c) 

12 (mi — m3) (m2 — m3) 

• For P = P4: 

A/3(4) 1 2mi -m2 , . 

(4) 1 3mim2 - 2mim3 - m2m3 /d cu\ 

= -"^Wl (mi-m3)(m2-m3) ' ^^-''^ 

A^(^) = -XL- ~ . (B.6c) 

3 (mi - m3) (m2 - m3) 
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For P = P.: 



A^i? = 0, (B.7b) 



• For P = Pr: 



A/3(6) 1 mi +7712 m Q ^ 

A6'i2 = — 1= , (B.8a) 

,^(6) 1 mi(3m2 + m3) -m3(m2 + 3m3) m o \ 



• For P = P7: 



A^iJ = 0, (B.9a) 

.^(7) 1 3mim2 + 2mim3 + m2m3 m nuN 

Afis = -XL — 1= 7 TT : , (B.9b) 

3^2 (mi + ms) (m2 + ma) 

A^g^ = 0. (B.9c) 
For P = Pg: 

A^g^ = 0, (B.lOa) 

.^(8) 1 3mim2 + 2mim3 + m2m3 /-o muN 

A6'v = XL — ^ —, r , (B.lOb) 

3 ("^1 + "^3) {rn2 + ma) 

Mf^ - 0. (B.lOc) 
For P = Pg: 

A^g^ = 0, (B.lla) 

A^(^) = -XL — ^""^ ~ ""^^ , (B.llb) 

3 (mi + ma) (m2 + ma) 

A^g^ = 0. (B.llc) 
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As discussed in the main text, a general P matrix can be decomposed into the nine basis 
matrices Pi, 

P = Y.xfP,, (B.12) 

i=l 

and the resulting changes for the mixing angles are then given by 

A^,, = (B.13) 

i=l 



With our Mathematica package (cf. section 3.7) one can derive similar expressions for 



other initial conditions on the mixing parameters. 
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